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A geometrically discretized sectional population balance model for reaction-limited aggre-
gation of colloidal suspensions is presented. The two important model parameters are
collision frequency factor and collision efficiency factor. The collision frequency factor is
derived from physically realistic arguments proposed for collision of fractal aggregates. The
collision efficiency factor is computed as a function of total interaction energy between
particles, including short-range structural repulsion forces. The irregular and open structure
of aggregates is taken into account by incorporating their mass fractal dimension. The
characteristic time constant of reaction-limited aggregation, derived from dynamic scaling of
mean aggregate size-aggregation time data, is found to correlate with electrolyte concentra-
tion. The population balance model is tested with published experimental data for aggregation
of �-alumina suspensions in the presence of different electrolytes. It is shown that the slow
kinetics of aggregation under certain conditions of pH and electrolyte concentration require
inclusion of short-range structural repulsion forces along with van der Waals attraction and
electrical double layer repulsion forces in an extended DLVO theory. The model predictions
are in good agreement with experimental data for time evolution of mean aggregate diameter
in the reaction-limited aggregation regime. © 2005 American Institute of Chemical Engineers
AIChE J, 51: 1233–1245, 2005
Keywords: reaction-limited aggregation, population balance modeling, surface forces,
fractal aggregates, colloidal suspensions

Introduction

Aggregation of colloidal suspensions plays an important role
in treatment of municipal and industrial water, beneficiation of

minerals, manufacture of pulp and paper, processing of paints
and pharmaceuticals and in fabrication of ceramics1, 2, 3, 4.
Transport and fate of contaminants in the aquatic environment
depend to a large extent on aggregation of colloids in the
presence of naturally occurring salts and polymers5. The ag-
gregation phenomenon is usually classified in two regimes -
diffusion-limited aggregation (DLA) and reaction-limited ag-
gregation (RLA)6. DLA occurs when collision efficiency of
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two clusters is relatively high or close to unity, while RLA
prevails at very low collision efficiencies. Because of differ-
ences in hydrodynamics of particle/cluster interactions, the
kinetics of aggregation are dissimilar in the two regimes. DLA
follows power-law growth kinetics (Figure 1a) while RLA
kinetics conforms to an exponential growth law (Figure 1b).

Starting with the classical work of Smoluchowski7, particle
population balance has been widely employed to model aggre-
gation of colloidal suspensions and evolution of aggregate size
distribution in time. The two important model parameters in the
population balance equation (PBE) are collision frequency
factor or collision kernel and collision efficiency factor. It is
known that DLA kinetics by Brownian motion is well repre-
sented by the Smoluchowski kernel7. Although several expres-
sions, both empirical and theoretical, have been proposed, there
is as yet no general agreement on an appropriate kernel for
RLA kinetics. Recently, Sandkuhler et al.8 evaluated a number
of kernels and concluded that even though none could represent
the experimental data accurately, the product kernel or its
modification by Odriozola et al.9 is the most appropriate for the
process. Other authors have concluded that RLA kinetics are
best described by a sum kernel10, 11. In fact, the earlier exper-
imental studies on aggregation of polystyrene12 and gold col-
loids13 had shown that RLA kinetics could be represented
reasonably well by an empirical sum kernel.

The second parameter in the PBE is collision efficiency
factor. Except in a few instances14, 15, this is either assumed to
be unity or treated as a floating parameter for fitting experi-

mental aggregate size distribution data. The collision efficiency
is a function of the interaction forces between suspended par-
ticles and aggregates or clusters, which may include van der
Waals or dispersion attraction, electrical double layer (EDL)
repulsion and short-range structural repulsion forces. Despite
its known limitations, the classical DLVO theory16, 17 is quite
successful in accounting for the role of dispersion and EDL
forces in the stability of colloids in the presence of inorganic
electrolytes. However, under certain conditions of pH and salt
concentration, an additional repulsive force, generally termed
as structural or hydration force, has been observed between
several materials at short separation distances (� 3–5 nm)18, 19,

20, 21. This short-range hydration repulsion is thought to play an
important role in the fabrication of ceramic components22 and
in the stability of latex immunoassays23. More pertinently,
there now exists considerable evidence which suggests that the
short-range structural forces can modify the kinetics of aggre-
gation, as elaborated in the following paragraph.

Recently, Waite and coworkers24, 25 and van Bruggen et al.26

studied the stability and aggregation behavior of several alu-
minum oxide suspensions in the presence of different salts.
Beattie et al.24 examined aggregation of suspensions of �-alu-
mina (�-Al2O3), boehmite (�-AlOOH, aluminum oxide hy-
droxide or alumina monohydrate) and gibbsite (�-Al(OH)3,
aluminum trihydroxide or alumina trihydrate). They concluded
that the stability of gibbsite suspensions was similar to that of
oxides, such as hematite, and the critical coagulation concen-
tration was close to 50 mM NaCl in pH range 5-6. The other
aluminum oxides, however, exhibited somewhat anomalous
behavior. In neutral pH conditions the suspensions coagulated
at low salt concentrations, while at lower pH levels coagulation
took place only at much higher salt concentrations. At a pH of
4.5, aggregation of �-alumina was observed only above 0.5 M
KCl concentrations, and of boehmite at 0.13 M and above.
Waite et al.25 reported similar results for �-alumina in the
presence of NaCl and KNO3, that is, aggregation was observed
at salt concentrations above 0.5 M only. This behavior was
attributed to the adsorption of aluminum tridecamer, Al13O4

(OH)24 (H2O)12
7� on alumina surface. In addition to the aggre-

gation studies, force measurements by atomic force microsco-
py21 between an aluminum-coated silica sphere and a flat
aluminum substrate have shown the existence of short-range
(� 3 nm) repulsive forces in 1 mM KCl at different pH levels.
At high pH, the short-range repulsion was attributed to the
swelling of sapphire surface and formation of a thick, approx-
imately 15 nm, hydrated gel layer adjacent to the alumina
surface. No swelling was observed at low pH and repulsion
was assumed to be due to hydration. The DLVO type forces
could explain the interaction only up to surface separation
distance of about 3 – 5 nm. In order to describe the force-
distance profiles at shorter separations, it was necessary to
invoke an additional repulsive force. Similar short-range forces
were also observed between sapphire surfaces in 0.1 M NaBr
solutions at pH 320.

Interestingly, in the studies of Beattie et al.24 and Waite et
al.25, aggregation kinetics followed an exponential growth,
suggesting that the phenomenon took place under RLA condi-
tions, presumably due to low efficiency of the particle/aggre-
gate collisions. Although it is not clear whether adsorption of
aluminum tridecamer or any other polymeric species on parti-
cle surface or hydration of the surface was responsible for the

Figure 1 Representative aggregate growth curves (a)
diffusion-limited aggregation - power law
growth, and (b) reaction-limited aggregation -
exponential growth.
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anomalous aggregation behavior, it seems very likely that
repulsive forces, other than the classical DLVO forces, were in
operation in the aforementioned experiments.

The objective of this work is to develop a population balance
model for aggregation processes that follow the slow exponen-
tial growth kinetics. Toward this end, we employ a geometri-
cally sectioned discrete population balance equation for aggre-
gation. The collision kernel in the model is based on theoretical
arguments advanced by Ball et al.1, and the collision efficiency
factor is computed as a function of interaction forces between
particles including the short-range structural forces. The model
is tested and verified with experimental data for slow aggrega-
tion of alumina suspensions in the presence of different salts as
reported by Beattie et al.24 and more recently by Waite et al.25.

Model of Reaction-Limited Aggregation Kinetics
Population balance equation (PBE)

The evolution of floc or aggregate size distribution in time,
which is the focus of this study, can be simulated within the
framework of particle population balance. The size-continuous
form of population balance equation for aggregation in a spa-
tially homogeneous batch process is given by7

�n�v, t�

�t
� ��

0

�

��v, u���v, u�n�v, t�n�u, t�du

�
1

2 �
0

v

��v � u, u���v � u, u�n�v � u, t�n�u, t�du (1)

where n is number concentration of aggregates (or particles), v
and u denote aggregate volume, t is aggregation time, � is
collision frequency factor and � is collision efficiency factor.
The first term on right-hand side accounts for the loss or
disappearance of aggregates of size v due to their interaction
with aggregates of all sizes. The second term represents the rate
of formation of aggregates of size v by interaction between two
aggregates of smaller sizes. This partial integrodifferential
equation does not admit of close form analytical solutions
unless drastically simplified and generally unrealistic collision
kernels are employed. Consequently, the aggregation equation
is invariably solved numerically after discretizing and lumping
it into a set of nonlinear ordinary differential equations. Of the
several discretization and lumping schemes available in the
literature27, 28, we have chosen the method of geometric sec-
tions proposed by Hounslow et al.29 because it is computation-
ally less intensive and easy to implement. The rate of change of
particle or floc concentration due to aggregation alone, that is,
for processes that do not involve fragmentation of flocs, is
given by29

dNi

dt
� Ni�1 �

j�1

i�2

2j�i�1�i�1, j�i�1, jNj �
1

2
�i�1,i�1�i�1,i�1Ni�1

2
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j�1

i�1

2j�i�i, j�i, jNj � Ni �
j�i

max

�i, j�i, jNj (2)

where Ni is number concentration of particles or aggregates in
section i. The first term on right-hand side accounts for growth
due to aggregation of clusters belonging to all the smaller
sections, except the immediately adjacent smaller one. The
second term represents growth due to aggregation of clusters
belonging to the section immediately smaller than section i.
The third term accounts for loss of aggregates due to their
interaction with those belonging to all the smaller sections, and
the fourth term represents loss of aggregates due to mutual
aggregation, and due to their interactions with larger aggre-
gates belonging to higher sections. The smallest section corre-
sponds to primary particles and max is the section that contains
aggregates with the largest characteristic volume. The fre-
quency of collisions is directly related to collision volume of
the aggregates. The characteristic volume Vi of an aggregate in
section i is computed as the arithmetic mean of its lower and
upper bounds30

Vi �
bi � bi�1

2
(3)

where bi-1 and bi are the smallest and the largest volumes in
section i, respectively. Moreover, the upper bound is computed
as a function of the lower one with a geometric sectional
spacing factor of 2

bi � 2bi�1 (4)

The primary particle volume is denoted by V1. An aggregate of
volume Vi comprises 2i�1 primary particles. The rate of aggre-
gation depends on particle concentration and frequency and
efficiency of particle/aggregate collisions. The frequency of
collisions is governed by suspension hydrodynamics and, in
addition, depends on a number of factors such as particle/
aggregate size, temperature and solvent viscosity. The effi-
ciency of collisions, on the other hand, depends critically on
surface and colloid chemistry of the suspension. It is a function
of pH, electrolyte concentration and electrochemical nature of
particle surface, besides the variables mentioned previously.

Collision Kernel

In case of DLA, particles are expected to aggregate in the
first instance of collision only. Hence, the collision frequency
is directly related to collision cross-section and particle diffu-
sion coefficient. In case of RLA, however, it is generally
believed that repeated collisions are required for a successful
event of aggregation. Accordingly, the aggregates involved in
the collision process sample several sites on each other’s sur-
face before attachment actually occurs. Unlike the collision
kernel for DLA, which was derived by Smoluchowski7 on
theoretical considerations quite some time ago, a rigorous
expression does not exist for the RLA kernel. Instead of using
an ad hoc empirical kernel, we have applied the theoretical
arguments of Ball et al.1 to compute the collision frequency
factor. These authors considered two regimes of aggregate
collisions: first, collisions between clusters of approximately
equal masses, and second, collisions between large clusters and
very small clusters. It was assumed that these two regimes are
sufficient to describe the aggregation rate. Moreover, they

AIChE Journal 1235April 2005 Vol. 51, No. 4



concluded on basis of theoretical scaling arguments that the
cluster sizes are determined mainly by collisions involving
large and small clusters rather than those involving clusters of
equal masses. However, Sandkuhler et al.8 recently concluded
that a kernel, derived from such scaling arguments, which is
essentially a function of mass of the larger of the two interact-
ing clusters, is not accurate enough for reaction-limited aggre-
gation. This is not surprising since the final aggregate mass
distribution depends strongly on interactions involving clusters
of all sizes rather than those involving very small and very
large clusters only. We therefore modify the treatment of Ball
et al.1 in order to account for masses or sizes of both interacting
clusters.

Ball et al.1 proposed that the rate coefficient for RLA is
directly proportional to the volume of phase-space Vf, over
which the center of one cluster can be positioned such that the
two clusters are in bondable contact. Two clusters are assumed
to be in bondable contact if they are within a microscopic
distance hw, of touching each other, but not overlapping. This
distance can be of the order of the repulsive barrier between
two colliding particles and is significantly less than the cluster
size. For small hw, Vf is directly proportional to the contact
surface of two interacting aggregates. For two solid spheres of
radii r1 and r2, the volume of phase-space is given by1

Vf � 4��r1 � r2�
2hw ; hw��r1, r2 (5)

For two fractal aggregates i and j with collision radii rci
and rcj

respectively, the collision frequency is then given by

�i, j � �rci � rcj�
2 (6)

The above equation can be rewritten as follows

�i, j � KRLA�rci � rcj�
2 (7)

where KRLA is a proportionality constant or lumped parameter,
which takes into account the effect of temperature and viscosity
of the suspension, besides the parameter hw. The collision
radius of an aggregate containing n0 monodisperse primary
particles of radius r0 is given by31

rci � r0�n0i

CL
� 1/dF

(8)

where dF and CL are aggregate fractal dimension and structure
prefactor, respectively. Experimental studies on aggregation of
latex suspensions indicate that CL is of the order one32, 33.
Finally, substituting Eq. 8 into Eq. 7 yields the following
expression for the RLA collision kernel

�i, j � KRLAr0
2� 1

CL
� 2/dF

�n0i

1/dF � n0j

1/dF�2 (9)

This equation is substituted into the PBE in Eq. 2 for simulat-
ing the RLA kinetics.

Collision efficiency

The probability of attachment, when two aggregates col-
lide, depends mainly on the interaction between primary
particles in the colliding surfaces rather than on particles
residing in the interior. This is because forces between
particles drop rapidly with distance and, as such, interaction
between aggregates can be approximated by interaction be-
tween the primary surface particles34, 35. We take explicit
cognizance of this fact by incorporating in our PBE a
collision efficiency factor for aggregates which is computed
as reciprocal of the modified Fuchs’ stability ratio W be-
tween two primary particles k and l36, 37, 38, 39

Wk,l �

�
r0k�r0l

�

Dk,l

exp�VT/kBT�

s2 ds

�
r0k�r0l

�

Dk,l

exp�VvdW/kBT�

s2 ds

(10)

where Dk,l is hydrodynamic correction factor, given by40

Dk,l �
6h� 0

2 � 13h� 0 � 2

6h� 0
2 � 4h� 0

(11)

and VT is total energy of interaction, VvdW is van der Waals
energy of attraction between two primary particles of radii r0k

and r0l
(assumed spherical), s � r0k

� r0l
� h0 is distance

between particle centers, h0 is distance of closest approach
between particle surfaces and h� 0 � 2h0/(r0k

� r0l
). Note that

the influence of hydrodynamic forces at very short separation
distances is accounted for in Eq. 10 by including the correction
factor in Eq. 11.

Since our focus is on aggregation processes in which short-
range structural forces play an important role, the classical
DLVO theory is extended by incorporating short-range struc-
tural repulsion forces with van der Waals attraction and elec-
trical double layer repulsion in the total energy of interaction
between particles. The expressions employed for these forces
are summarized below.

Interaction forces

The van der Waals energy of attraction between particles
may be computed from either the Hamaker microscopic theo-
ry41 or the Lifshitz macroscopic theory42. The relative merits of
these theories are discussed elsewhere43. The latter is more
rigorous than the former but requires accurate dielectric data
for the materials involved. Because it is easier to implement,
we have employed the Hamaker theory to compute the van der
Waals energy of attraction Vvdw between a pair of spherical
particles41
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VvdW � �
A

6 � 2r0kr0l

s2 � �r0k � r0l�
2 �

2r0kr0l

s2 � �r0k � r0l�
2

� ln�s2 � �r0k � r0l�
2

s2 � �r0k � r0l�
2�� (12)

where A is Hamaker constant of solids across the solvent
medium. This expression does not take into account the retar-
dation phenomenon, which sets in at about 5 nm from the
particle surface44. The retardation effect is incorporated by
multiplying the unretarded van der Waals force with a correc-
tion function fR proposed by Gregory45

fR�h0� � 1 �
gRh0

	R
ln�1 �

	R

gRh0
� (13)

where 	R is characteristic wavelength of interaction and gR is a
fitting parameter. The value of 	R is typically 100 nm and that
of gR is 5.3245.

The main reason for the slow kinetics in RLA regime is the
low collision efficiency. In other words, the repulsive forces are
greater in magnitude than the attractive forces although not
large enough to prevent aggregation completely. One of these
forces arises from the interaction between electrical double
layers (EDL), which exist at the solid-solution interface. When
two particles of same material approach each other, they are
subjected to electrostatic repulsion whose magnitude depends
on surface charge density which, in turn, is a function of
solution pH, temperature, and type and concentration of elec-
trolyte species. The EDL interaction between particles can be
treated rigorously by the nonlinear Poisson-Boltzmann equa-
tion. The solution of this equation is, however, a complex task,
which is why several approximations based on linearization of
the Poisson-Boltzmann equation have been proposed46, 47, 48.
We have used the analytical expression proposed by Bell et
al.47, which is given by following expression for two spherical
particles of radii r0k

and r0l
and surface potentials 
0k

and 
0l

Vedl � 64��r�0�kBT

zce
� 2� r0kr0l

r0k � r0l

� tanh�zce
0k

4kBT �
	 tanh�zce
0l

4kBT �exp���h0� (14)

where e is elementary charge and zc is valence of the counte-
rion and �0 and �r are dielectric constants of a vacuum and
solvent, respectively. The Debye-Huckel parameter � is a func-
tion of temperature T, ionic strength I and dielectric constant �r

of solution. It is computed in the usual manner44

� � �2NAvIe2

�0�rkBT�
1/ 2

(15)

where NAv is Avagadro’s number and I is ionic strength of the
solution, which is a function of electrolyte concentration and
valence of electrolyte ions.

In addition to the EDL force, short-range repulsion also
contributes to the low collision efficiency under certain condi-

tions of pH and electrolyte concentration. Force measurements
between surfaces of several materials, such as mica, silica and
alumina have shown the existence of this force18, 19, 20, 21. It
supposedly arises due to the structure of water or solvent
molecules at the solid-liquid interface and is termed as hydra-
tion or solvation repulsion or more generally structural force. A
number of theories have been proposed for this force but these
have not been able to explain various experimental observa-
tions under different conditions49, 50. In the absence of a defin-
itive theoretical expression, the following simple exponential
decay function is deemed adequate for representing the exper-
imental force-distance profiles20, 44

Fhyd � Phydexp��h0/	hyd� (16)

where Phyd is termed structural or hydration force constant and
	hyd is called hydration decay length. Their values have been
found to be in the ranges of 106 – 5 	 108 N/m2 and 0.2 – 1.0
nm, respectively51. The equation for hydration interaction en-
ergy between two spherical particles can be readily derived
from Eq. 16, by applying the Derjaguin approximation52, which
for two unequal spherical particles of radii r0k

and r0i
is given

by

Vhyd � �2�r0kr0l

r0k � r0l

�Phyd	hyd
2 exp��h0/	hyd� (17)

where Vhyd is short-range hydration or structural interaction
energy.

Model Implementation
Aggregation data

The population balance model was implemented and vali-
dated against published data24, 25 for aggregation of �-alumina
suspensions in the presence of different salts. Beattie et al.24

conducted a series of experiments at different salt (KCl) con-
centrations and measured mean hydrodynamic diameter of
aggregates as a function of time by photon correlation spec-
troscopy (PCS). Waite et al.25 also studied aggregation of
�-alumina using NaCl and KNO3 electrolytes. The details of
experimental procedures and results can be found in the cited
references. Here we limit ourselves to summarizing the exper-
imental conditions for the data used in model simulations. The
mean radius of primary particles r0 was 60 nm and solids
concentration in suspension was 12.5 g/L. This corresponds to
a primary particle number concentration of approximately
4.32 	 1018 m�3. The experiments were conducted at pH 4.5
in solutions of NaCl, KCl and KNO3, at different salt concen-
trations while maintaining temperature at 25 
 1 °C. The
measured zeta potential of alumina particles was approximately
30 mV at pH 4.5 in KNO3 solutions.

Dynamic scaling

It is well known that cluster or aggregate mass distributions
exhibit dynamic scaling, irrespective of whether aggregation
occurs in DLA or RLA regime6, 13. In former case, aggregate
mass grows proportionately with time while it increases expo-
nentially in the RLA regime. This characteristic behavior is
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widely observed in a variety of particulate materials such as
gold, silica and polystyrene latex6, 53, 54. We have utilized the
principle of dynamic scaling to verify if aggregation of alumi-
num oxides took place under the universal slow RLA kinetics,
wherein aggregate mass grows exponentially with time in
following manner6

M � exp� t


RLA
� (18)

where M is aggregate mass and 
RLA is characteristic time
constant of RLA, which depends on experimental conditions. If
an aggregate is a fractal object and its mass scales with size,
then the characteristic aggregate size rn also has an exponential
relationship with time

rn � exp� 1


RLAdF
t� (19)

Hence, a plot of mean aggregate size against time should be a
straight line on a log-linear plot if aggregation follows the RLA
kinetics. The experimental data of Beattie et al.24 and Waite et
al.25 are plotted in Figures 2–4. It will be observed that �-alu-
mina aggregates exhibit dynamic scaling behavior at all times,
and the aggregation phenomenon does follow the exponential
growth kinetics provided salt concentrations are less than 0.8
M. The experimental data show a nonlinear relationship be-
tween aggregate size and time when salt concentrations are
equal to or more than 0.8 M. It would seem that the process
goes through a transition between RLA and DLA regimes as it
approaches the fast DLA kinetics. However, in view of the fact
that the plots are piece-wise linear, there is also a strong
possibility of aggregate restructuring during aggregation. In
this instance, how and when restructuring is triggered re-
mains a question mark. Waite et al.25 have also measured
aggregate fractal dimensions and found them to be 2.09 and
2.1 at 0.6 M and 0.7 M NaCl, respectively. These values are
similar to fractal dimensions observed for aggregates result-
ing by RLA54, 55, 56. A constant value of 2.1 for fractal

dimension of all aggregates is employed in our analysis
since it does not change with electrolyte concentration in the
experimental studies of Waite et al.25. Substitutions of frac-
tal dimension and slope of straight lines in Figures 2– 4 in
Eq. 19 yields an estimate of RLA time constant 
RLA, which
is plotted against salt concentration in Figure 5. It will be
seen that 
RLA decreases with salt content in a nonlinear
fashion. This is an interesting result in the sense that above
a critical concentration of 0.5 M the aggregation kinetics is
controlled primarily by salt concentration. This behavior is
similar to that normally observed in case of coagulation of
colloidal suspensions. We are, therefore, obliged to con-
clude that there is a repulsive barrier, besides the electrical
double layer force, that must be overcome in order for
aggregation to take place.

Figure 2 Semi-log plots for dynamic scaling of mean
hydrodynamic diameter of �-alumina aggre-
gates in NaCl solutions at pH 4.5, showing ex-
ponential growth kinetics (data from Waite et
al.25).

Figure 3 Semi-log plots for dynamic scaling of mean
hydrodynamic diameter of �-alumina aggre-
gates in KNO3 solutions at pH 4.5, showing
exponential growth kinetics and shift in slope
at high salt concentrations (data from Waite et
al.25).

Figure 4 Semi-log plots for dynamic scaling of mean
hydrodynamic diameter of �-alumina aggre-
gates in KCl solutions at pH 4.5, showing ex-
ponential growth kinetics and shift in slope at
high salt concentrations (data from Beattie et
al.24).
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Interaction energy between particles and hydration force
parameters

The aggregation model has three adjustable parameters, hy-
dration force constant (Phyd), hydration decay length (	hyd) and
proportionality constant in the collision kernel (KRLA). Because
of mutual compensation, the conventional approach to estima-
tion of parameters together by minimizing an error function of
a highly nonlinear model can lead to correlated and misleading
values. We have, therefore, employed a systematic two-stage
search strategy in order to ensure physically meaningful pa-
rameter values of the underlying phenomenon. In first stage,
the interaction energy-surface separation diagram was utilized
as a guide to determine hydration force parameters. In the
second stage, the proportionality constant KRLA was adjusted to
match model simulation results with experimental data as
closely as possible.

In order to map the interaction energy-surface separation
diagram, it is necessary to have representative values for var-
ious inputs, such as Hamaker constant and particle surface
potential. Ducker et al.20 fitted forces between sapphire sur-
faces using a nonretarded Hamaker constant of 6.7 	 10�20 J.
The same value was used in the Hamaker theory in Eq. 12 for
computing van der Waals attraction between �-alumina parti-
cles across water medium. The retardation factor was calcu-
lated from Eq. 13. The particle surface potential was assumed
equal to zeta potential. The experimentally measured zeta po-
tential of approximately 30 mV at pH 4.525 was employed for
estimating the EDL repulsion, that is, 
0k

� 
0l
� 30 mV. The

energy curves were calculated for interaction between spherical
particles of r0k

� r0l
� 60 nm radius. As shown in Figure 6, at

a KNO3 concentration of 0.5 M the classical DLVO theory - in
which total interaction energy is sum of van der Waals attrac-
tion and EDL repulsion energies only - predicts a strong
attraction. It was, however, experimentally observed that ag-
gregation did not take place until salt concentration is greater
than 0.5 M. It is then reasonable to conclude that it is necessary
to include a short-range repulsion force so as to preclude
coagulation at this salt concentration. For this purpose, initial
guesses of the two parameters in the structural repulsion equa-
tion were chosen from the ranges of their values that have been
reported in literature. These values were next adjusted to en-
sure that the structural repulsion dominates the interaction.

After some trial and error, the values of Phyd and 	hyd were
found to be approximately 1.9 	 107 N/m2 and 0.6 nm,
respectively, which are well within the ranges determined by
surface force measurements51. Interestingly, the fitted hydra-
tion decay length of 0.6 nm is approximately equal to twice the
diameter of water molecules, 0.275 nm. Using these parameter
values, total interaction energy was computed as a sum of van
der Waals attraction, EDL repulsion and structural repulsion. It
will be observed from Figure 7 that the suspension is now
predicted to be stable at 0.5 M KNO3, as observed experimen-
tally. However, it is close to the region where the suspension
becomes unstable if double layer repulsion is suppressed. Sim-
ulation studies show that stability ratio W is quite sensitive to
hydration force parameters. An increase in Phyd results in an
increase in W and enhanced suspension stability. Similarly, a
reduction in Phyd reduces W and increases the instability of
suspension. On the other hand, 	hyd has an opposite effect on
W.

Figure 5 Variation of characteristic time constant of re-
action-limited aggregation with salt concentra-
tion.

Figure 6 Interaction energy-surface separation diagram
for �-alumina particles computed from DLVO
theory without including short-range structural
repulsion, using Eq. 12 for VvdW and Eq. 14 for
Vedl.

Figure 7 Interaction energy-surface separation diagram
for �-alumina particles computed from ex-
tended DLVO theory, including short-range
structural repulsion, using Eq. 12 for VvdW, Eq.
14 for Vedl and Eq. 17 for Vhyd.
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Model Validation

The discretized population balance equation in Eq. 2 was
divided into 30 geometric sections, and the resulting 30 non-
linear ordinary differential equations were solved simulta-
neously by Gear’s predictor-corrector numerical technique57.
The stability ratio in Eq. 10 was evaluated by numerical inte-
gration using the Romberg algorithm58, with r0k

� r0l
� 60 nm

and 
0k
� 
0l

� 30 mV. During integration of population
balance equations, the computed aggregate size distribution
was tested at each time step for conservation of solid volume.
The loss of total volume was less than 1% for the results
presented here. The model was tested by comparing experi-
mental data with model simulated time evolution of mass mean
aggregate size, calculated in the following manner14

r� �

�
i

yNirci

4

�
i

yNirci

3 (20)

where yNi is number fraction of aggregates belonging to section
i and r� is mass mean aggregate radius.

The simulated and experimental aggregate growth curves are
shown in Figures 8, 9 and 10 for aggregation of �-alumina in
the presence of NaCl, KNO3 and KCl, respectively. It will be
seen that the computed growth curves are in reasonable agree-
ment with the experimental data. The discrepancy between
model predictions and experimental data at 0.8 M NaCl and
KNO3 is mainly because the aggregation process was assumed
to follow RLA kinetics whereas it was actually in the transition
region from RLA to DLA kinetics. That the process is in the
transition regime is indicated by the linear growth behavior
observed experimentally at 0.8 M in Figures 8 and 9. Similar
results were reported by Weitz et al.56 for aggregation of gold
colloids. Since alumina is heavier than water, there is also a
possibility of differential sedimentation influencing aggregate
growth. In order to verify this, the collision kernel for aggre-

gation at 0.8 M NaCl and KNO3 was computed as a sum of
contributions due to perikinetic aggregation (Eq. 9) and differ-
ential sedimentation. The collision frequency in the latter
mechanism is given by59

�i, j
DS �

2�g

9�
�rci � rcj�

2	rci

2��i � �l� � rcj

2��j � �l�	 (21)

where �i and �l are densities of aggregate and fluid, respec-
tively, and g is acceleration due to gravity. The aggregate
density �i decreases as its size increases and it can be estimated
using the following60

�i � �0�rci

r0
� dF�3

(22)

Figure 8 Simulated and experimental time evolution of
mean hydrodynamic diameter of �-alumina ag-
gregates in NaCl solutions at pH 4.5 (solid
lines - Eq. 9; dotted lines - Eq. 23; symbols -
data from Waite et al.25).
Dashed lines are simulation results for 0.8 M NaCl including
contribution from differential sedimentation, Eq. 21.

Figure 9 Simulated and experimental time evolution of
mean hydrodynamic diameter of �-alumina
aggregates in KNO3 solutions at pH 4.5 (solid
lines - Eq. 9; dotted lines - Eq. 23; symbols -
data from Waite et al.25).
Dashed lines are simulation results for 0.8 M KNO3 including
contribution from differential sedimentation, Eq. 21.

Figure 10 Simulated and experimental time evolution of
mean hydrodynamic diameter of �-alumina
aggregates in KCl solutions at pH 4.5 (solid
lines - Eq. 9; dotted lines - Eq. 23; symbols -
data from Beattie et al.24).
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where �0 is density of primary particles. This equation is
strictly applicable for linear portion of the aggregate size-
density curve. The simulation results obtained with this mod-
ification are shown as dashed lines in Figures 8 and 9 at 0.8 M
NaCl and KNO3, respectively. It can be observed that differ-
ential sedimentation does not contribute significantly to aggre-
gate growth, presumably because aggregate density decreases
as its size increases and aggregates in this study do not grow
large enough for differential sedimentation to become signifi-
cant. Consequently, transition regime is a more likely expla-
nation for the process behavior under the stated conditions.

The deviation between computed and experimental results at
0.7 M KNO3 in Figure 9 at longer aggregation times could be
due to restructuring of aggregates. This is evident from the
slight change in slope in Figure 3 for the same data after about
40 min of aggregation. Aggregate restructuring could also
explain deviation between theory and experiment for the data at
0.8 M KCl in Figure 10. It can be seen from Figure 4 that the
slope changes after about 30 min of aggregation. Our simula-
tions of the aggregation process assume a constant fractal
dimension of 2.1. It is, however, possible to obtain a better fit
by employing a fractal dimension smaller than 2.1 at shorter
aggregation times and a larger value at longer times. In fact,
Selomulya et al.61 developed an empirical expression for the
evolution of aggregate fractal dimension with time, and fitted it
to their experimental data for flocculation of latex particles in
couette-flow. In view of the fact that the fitted parameters are
specific to the experimental conditions employed, it was not
possible to utilize the empirical expression of Selomulya et
al.61 in our analysis. Although there have been some studies on
aggregate restructuring62, 63, the phenomenon is not understood
well enough to predict as to when and under what conditions it
occurs.

The fitted proportionality constant in the collision kernel
KRLA and stability ratio, computed from Eq. 10, are included in
Table 1. It is worth noting that computed stability ratios are
comparable to experimentally determined values, although for
a different material, polymer latex64. The reported stability
ratios are within the range of 2.67 	 105 – 4.41 	 106 for
different solid and electrolyte concentrations. Note also the
consistent trend in the variation of KRLA and W with salt
concentration in all cases analyzed. The results in Figures 8 –
10 strongly suggest that the collision kernel, proposed in Eq. 9,

is able to represent the RLA kinetics quite accurately, at least
for aggregation of alumina suspensions under the specified
experimental conditions. Nevertheless, it is of some interest to
carry out model simulation of these data with other prominent
kernels in the literature. As mentioned earlier, Sandkuhler et
al.8 suggested that the following kernel by Odriozola et al.9 is
the most suitable among the kernels proposed for RLA

�i, j �
�Br�n0i

1/dF � n0j

1/dF��n0i

�1/dF � n0j

�1/dF� N11�n0in0j�
	O

4�1 � W�1�N11�n0in0j�
	O � 1
�

(23)

This kernel contains two adjustable parameters N11, which
represents mean number of monomer collisions per encounter
and 	O, which is a numerical constant. Initially, we simulated
aggregation of alumina suspensions employing this kernel with
N11 � 6.1 and 	O � 0.4, as reported by Lattuada et al.64 for
polystyrene latex, and the stability ratio values given in Table
1. The computed results turned out to be significantly different
from the experimental data. Consequently, the two kernel pa-
rameters were adjusted for an acceptable fit. After some trial
and error, 	O was found to be 0.5, and N11 was found to
decrease with increasing electrolyte concentration (see Table
1). The results obtained with the Odriozola et al.9 kernel are
shown as dotted lines in Figures 8 – 10. Although this kernel
matches experimental data at lower salt concentrations well, it
also fails to predict aggregation kinetics accurately at 0.8 M
NaCl and KNO3 in Figures 8 and 9, respectively. It should be
noted here that the kernel in Eq. 9 employed by us involves
only one adjustable parameter KRLA, while the Odriozola et al.
9 kernel contains two parameters N11 and 	0, which need to be
adjusted depending on experimental conditions. As shown in
Table 1, N11 varied with electrolyte concentration, while Lat-
tuada et al.64 found that 	O changed with initial particle con-
centration.

Our kernel was next compared with a class of kernels em-
ployed previously for describing the RLA kinetics. There can
be recast in a general form as follows8

�i, j � �BrBi, jPi, j (24)

Table 1. Computed Stability Ratio and Fitted RLA Kinetics Parameters

Figure
No. Reference Salt

Salt
Concentration

(M)
Stability

Ratio KRLA (m/s) N11

8 [25] NaCl 0.5 9.49 	 106 7.0 	 10�3 36
0.6 1.78 	 106 5.0 	 10�3 21
0.65 0.88 	 106 3.5 	 10�3 15
0.7 0.46 	 106 3.4 	 10�3 14
0.8 0.15 	 106 2.2 	 10�3 9

9 [25] KNO3 0.5 9.49 	 106 7.0 	 10�3 36
0.6 1.78 	 106 5.0 	 10�3 21
0.7 0.46 	 106 2.1 	 10�3 9
0.8 0.15 	 106 2.1 	 10�3 9

10 [24] KCl 0.5 9.49 	 106 7.0 	 10�3 40
0.6 1.78 	 106 2.5 	 10�3 12
0.7 0.46 	 106 1.0 	 10�3 4.5
0.8 0.15 	 106 1.0 	 10�3 4.5

Note: The stability ratio was computed using Eq. 10, for r0k
� r0l

� 60 nm and 
0k
� 
0l

� 30 mV.
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where

Bi, j �
�n0i

1/dF � n0j

1/dF��n0i

�1/dF � n0j

�1/dF�

4
(25)

and �Br is the constant aggregation kernel or the collision
frequency factor for two equal spheres in Brownian motion

�Br �
8kBT

3�
(26)

The kernels differ mainly in the expression for Pi,j (see Table
2). Simulation results obtained using different kernels are com-
pared with experimental data for aggregation with 0.7 M NaCl
in Figure 11. It was possible to match the experimental data
with our kernel, Eq. 9 and that of Odriozola et al., Eq. 23 only,
with stability ratio and kernel parameters given in Table 1, as
shown previously in Figure 8. All the other kernels, given by
Eq. 24 along with Pi,j and parameters in Table 2, predict
extremely slow aggregate growth at the same stability ratio, as
seen in lines at the bottom and the insert in Figure 11. It was not
possible to fit these kernels to experimental data even after
adjusting the exponent values in them. The model predictions
are, however, quite sensitive to parameters in these kernels.

Since Figure 11 does not reveal enough information about the
behavior of different kernels to permit a meaningful compari-
son among them, simulations were carried out at a lower
stability ratio of 104 where noticeable aggregate growth occurs
with all kernels, as shown in Figure 12. With KRLA � 10�4, our
kernel, Eq. 9 predicts exponential growth, whereas the sum
kernel, Eq. 30 leads to linear growth. The Smoluchowski
kernel, Eq. 31 predicts power-law growth even at this high
stability ratio. The rest predict exponential growth. The model
predictions are quite sensitive to parameters in Odriozola et al.
kernel, Eq. 23. It was already shown in Figures 8 –10 that
exponential growth is predicted by this kernel with stability
ratios and parameter values given in Table 1. However, it was
also possible to obtain both linear as well as power-law growth
by manipulating the parameters. For example, the model pre-
dicts power-law growth with N11 � 2 and 	O � 0.2, as shown
in Figure 12 (dotted line). Hence, only highly specialized
numerical values of these parameters can lead to reaction-
limited aggregation kinetics. On the other hand, our kernel, Eq.
9 predicts exponential growth at different stability ratios rep-
resentative of RLA kinetics over a reasonably large range of
numerical values of KRLA.

Discussion

It is evident from the results shown in Figures 8-10 that the
kernel employed in our model does represent the slow, expo-
nential growth kinetics, typical of RLA, quite well. Unlike the
kernels used previously for RLA, which are mostly empirical
in nature, this kernel is based on theoretical proposition that the
frequency of collisions between fractal aggregates depends on
the total surface area of the interacting aggregates. The param-
eter KRLA in the collision kernel is not completely arbitrary as
it is apparently related to salt concentration. Even though
solvent viscosity increases, the repulsive barrier between par-
ticles decreases with an increase in salt concentration and this
is possibly the reason for decrease in KRLA with salt content, as
seen in Table 1. This is also an indirect indication that the

Table 2. Kernels Proposed in Literature for
Reaction-Limited Aggregation Kinetics

Equation
No. Pi,j Parameters Reference

27
[n0i

� (n0i

1/dF � 1)dF]
	 [n0j

� (n0j

1/dF � 1)dF] [77]
28 (max(n0i

, n0j
))	B Bi,j � 1 [1]

	B � 1.0
29 (n0i

n0j
)	P 	P � 0.5 [78]

30 (n0i

1/dF � n0j

1/dF)/2 [8]
31 1 [7]

Figure 11 Time evolution of mean aggregate diameter
predicted by various RLA kernels for aggre-
gation of �-alumina in 0.7 M NaCl solutions at
pH 4.5 (solid lines - Eq. 9; dotted lines - Eq. 23;
symbols - data from Waite et al.25).
The same plot on an expanded y-axis in insert shows the
extremely slow kinetics predicted by kernels other than in
Eqs. 9 and 23. See text for details of other kernels.

Figure 12 Time evolution of mean aggregate diameter
predicted by various RLA kernels at a stability
ratio of 104.
The general expression for kernels is given in Eq. 24 and
expressions for Pi,j in Table 2. Eq. 27 - Schmitt et al.77; Eq.
28 - Ball et al.1; Eq. 29 - product kernel78; Eq. 9 - kernel in
present work, with KRLA � 10�4; Eq. 23 - Odriozola et al.9
with N11 � 2 and 	O � 0.2; Eq. 30 - sum kernel8; Eq. 31 -
Smoluchowski kernel7.
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repulsive forces dictate the kinetics of reaction-limited aggre-
gation, rather than diffusion of particles/aggregates. The sen-
sitivity of aggregate growth to KRLA is shown in Figure 13 for
0.6 M and 0.7 M NaCl concentrations. The solid lines are
obtained with best-fit values given in Table 1 and the dashed
lines on either side of the solid lines are with 
 5% of best-fit
KRLA. The mean aggregate diameter increases with KRLA, and it
is more sensitive to KRLA at 0.7 M, presumably because the
growth rate is higher at 0.7 M than at 0.6 M NaCl. Although
this model can be used to predict aggregation kinetics that
follows exponential growth, it is necessary to adjust KRLA to
match experimental data at different electrolyte concentrations.
Experimental studies on RLA are relatively scarce as compared
to DLA. One could possibly derive a useful expression for
KRLA as a function of experimental conditions, especially elec-
trolyte concentration, if more data on RLA kinetics are avail-
able.

The hydration force parameters are not only physically
meaningful, but are also within the range determined by sur-
face force measurements. Moreover, their values are decoupled
from the proportionality constant in the collision kernel KRLA.
The stability ratios computed from force parameters are rea-
sonably close to experimentally determined values64. Unfortu-
nately, with the current status of theories of structural forces, it
is not possible to predict a priori under what conditions of pH
and electrolyte concentration the short-range structural forces
become operative and or predominant. It is well known that
pH, electrolyte type and its concentration have a profound
effect on coagulation and flocculation. For example, in case of
metal or ceramic oxides, rate of aggregation increases as pH
approaches the isoelectric point (IEP) of the oxide and de-
creases as pH moves away from IEP. Tjipangandjara et al.65

found that the percent of alumina settled is maximum at pH 9,
the IEP of alumina. This is mainly because aggregate mean size
is also maximum at the IEP, as demonstrated by Rattanakawin
and Hogg66. Similarly, aggregate growth rate of hematite sus-
pensions increased with pH, became maximum at the IEP of
hematite and then decreased at higher pH67, 68. The main reason

for the dependence of aggregation kinetics on pH is due to its
effect on surface potential of oxide materials. Both alumina and
hematite are positively charged below the IEP and negatively
charged at higher pH69. The magnitude of electrical double
layer repulsion depends strongly on surface potential and es-
sentially determines the kinetics of aggregation and aggregate
fractal dimension. For example, Herrington and Midmore70

found that the fractal dimension of kaolinite flocs decreased
sharply from 2.8 at pH 3 to about 1.8 at pH 4 in pure water and
from 2.9 at pH 3.5 to about 1.8 at pH 4.5 in 1 mM KCl solution.
Similar results were reported for bentonite flocs71. The aggre-
gate fractal dimension depends not only on pH but also on
other variables, such as electrolyte concentration14, 72, initial
particle concentration72 and temperature73, 74. Since a phenom-
enological model to predict fractal dimension is not available,
we are obliged to treat it as an experimentally measured model
input, as have other researchers also.

Finally, even though it is possible to predict reaction-limited
aggregation kinetics in the presence of different electrolytes
reasonably well, this model does not explicitly account for the
influence of type or nature of co- or counter-ions. In principle,
however, the model can be extended by incorporating a surface
complexation or site-binding model of Leckie and coworkers75,76

which can predict the surface or solid-liquid interface potential
as a function of the nature of counterions.

Conclusions

Reaction-limited aggregation follows slow, exponential
growth kinetics. This is mainly because efficiency of particle or
aggregate collisions is very low, which is due to the presence
of repulsive electrical double layer and short-range structural or
hydration forces. We have presented a population balance
model for reaction-limited aggregation of colloidal suspen-
sions, and tested it with experimental data for aggregation of
alumina suspensions in the presence of different electrolytes.
Instead of employing an empirical collision kernel, a theoret-
ical kernel, derived from arguments of Ball et al.1 and based on
total surface area of interacting aggregates, is proposed to
model the slow, exponential aggregate growth kinetics. This
kernel represents experimental data more accurately than the
kernels previously suggested in the literature.

Another feature of this model is that it incorporates a theo-
retical model for predicting the collision efficiency factor,
instead of using it as a fitting parameter. The collision effi-
ciency factor was computed as a function of surface forces,
namely, van der Waals attraction, electrical double layer repul-
sion and short-range structural repulsion. This allows us to take
into account the effect of important process variables, such as
solution pH and electrolyte concentration on aggregation,
which was not possible with previous population balance mod-
els.
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Figure 13 Sensitivity of model predictions to KRLA using
the present kernel, Eq. 9 for aggregation of
�-alumina in 0.6 M and 0.7 M NaCl solutions at
pH 4.5.
Symbols are experimental data from Waite et al.25. Solid
lines are model predictions using the best-fit KRLA given in
Table 1. Dashed lines are simulation results with 
 5% of
best-fit KRLA. Aggregate growth rate increases with KRLA.
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Notation

A � Hamaker constant of solid particles across a solvent, J
bi � upper boundary volume of section i, m3

CL � aggregate structure prefactor, dimensionless
D � hydrodynamic correction factor, dimensionless
dF � fractal dimension of flocs, dimensionless

e � elementary charge, C
Fhyd � hydration/structural repulsion force between two flat surfaces,

N/m2

fR � retardation correction function, dimensionless
g � acceleration due to gravity, m/sec2

gR � parameter in the retardation correction function, dimensionless
h0 � distance of closest approach between particle surfaces, m
h�0 � normalized distance of closest approach, dimensionless
hw � distance over which two clusters touch each other, m

I � ionic strength of solution, mol/m3

KRLA � proportionality constant in RLA kernel, m/s
kB � Boltzmann constant, J/K
M � mass of an aggregate, kg

max � maximum number of sections considered in population balance
n � number concentration of particles or aggregates, m�3

n0 � number of primary particles in an aggregate, dimensionless
NAv � Avagadro’s number, mol�1

Ni � number concentration of particles or aggregates in section i, m-3

N11 � mean number of monomer collisions per encounter, dimension-
less

Phyd � hydration/structural force constant, N/m2

rci
� collision radius of an aggregate belonging to section i, m

r0 � mean radius of primary particles, m
rn � characteristic size of an aggregate, m
r� � mass mean radius of an aggregate, m

r1, r2 � radii of two spherical particles 1 and 2, m
s � particles’ center-to-center separation distance, m
t � aggregation time, sec

T � suspension temperature, K
u � volume of a particle or an aggregate, m3

v � volume of a particle or an aggregate, m3

Vf � volume of phase-space in which two clusters are in bondable
contact, m3

Vhyd � hydration/structural repulsion energy between two particles, J
Vi � characteristic volume of an aggregate in section i, m3

Vint � interaction energy between two primary particles, J
VvdW � van der Waals attraction energy between two primary particles, J
Vedl � electrical double layer repulsion energy between two primary

particles, J
VT � total interaction energy between two primary particles, J
W � stability ratio, dimensionless

yNi
� number fraction of aggregates belonging to section i, dimension-

less
zc � counterion valence, dimensionless

Greek letters

� � collision efficiency factor, dimensionless
� � collision frequency factor, m3/s

�i
DS � collision frequency due to differential sedimentation, m3/s

�Br � collision frequency factor for two equal spheres in Brownian
motion, m3/s

�0 � dielectric constant of free space C/m-V
�r � dielectric constant of water or solvent, C/m-V
� � Debye-Huckel parameter, m�1

	O � numerical constant in Odriozola kernel, dimensionless
	hyd � hydration decay length, m

	R � characteristic wave length of interaction, m
� � dynamic viscosity of the suspending fluid, kg/m-sec
�0 � density of primary particles, kg/m3

�i � density of an aggregate in section i, kg/m3

�l � fluid density, kg/m3


0 � particle surface potential, V

RLA � characteristic time constant of RLA, min
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